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Fig. 4 Effect of cutout size on the critical load (antisymmetric angle
ply).

of 40 are subjected to uniform moisture concentration of
1.0%. However, compared to the simply supported case,
moisture presence has less effect on the fundamental fre-
quency of clamped laminates with a cutout when a/t is 40.

The effect of cutout size on the critical loads of simply
supported symmetric and antisymmetric laminates, subjected
to 1.0% uniform moisture concentration and in the absence of
moisture, is shown in Figs. 3 and 4. In the case of laminates
when a/t is 10, the critical loads decrease with increase in
cutout size. The critical loads of the laminates when a/t is 40
also decrease with increase in cutout size in the absence of
moisture; whereas, in the presence of 1.0% uniform moisture
concentration, they first decrease (d/a is about 0.4 for cross-
ply laminates, d/a are about 0.3 and 0.25 in respect of angle-
ply symmetric and antisymmetric laminates, respectively) and
then increase.

The critical loads of clamped symmetric and antisymmetric
laminates when a /t is 10 are reduced with increase in cutout
size, but the initial reduction is sharp for cross-ply laminates.
The critical loads of the clamped laminates when a /t is 40 are
also reduced with increase in cutout size in the absence of
moisture; whereas in the presence of moisture, the critical
loads decrease and/or increase as the case may be.

Conclusions
The increase in the fundamental natural frequencies of thin

laminates, with increase in cutout size, is greater in the pres-
ence of moisture. Moisture presence has negligible effect on
the increase in the fundamental natural frequencies of thick
laminates with increase in cutout size. The buckling behavior
of thick laminates with a cutout is almost unchanged due to
the presence of moisture. The critical loads of thin laminates
with a cutout are very much affected in the presence of mois-
ture.
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Torsional Stiffness for Circular
Orthotropic Beams

S. Dubigeon*
Ecole Centrale de Nantes, 44072 Nantes, France

Nomenclature
A = tensor
A:B = double dot product: AyBji
A -u = simple dot product: A^uty
u = vector
u -v = simple dot product (inner product): w/v/
V = gradient operator: <pv =<£>,/£/
• V = divergence operator: u • V = ui>it A • V =
A = vector product or cross product

Introduction

F OR a long time, solutions for torsion of beam structures
have been studied and solutions for many problems can

be found in the literature; see Refs. 1-5, for example. Warping
functions are known analytically for some problems, and ei-
ther may be obtained using computers. But, in most of the
cases the medium is isotropic. In this Note, we pose the
problem for an orthotropic medium, and we give the solution
for a circular section and propose some evident applications.

Development
We consider a circular cylinder with axes in one of the

directions of orthotropy of the medium, and we complete the
basis by the two other directions of orthotropy. The body in
equilibrium is only acted upon by a couple Te\ on its base
x\ = £, and - Ye\ on its base x\ = 0.
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We use the approach of St.Venant, and we take UM as the where (GJ) is the torsional stiffness with
displacement function.

(GJ} =UM = a(005A 05M + <p (x2,

where a = 0i,i and <p is the warping function. So

The state of stress must verify

L = Er, £ - V = 0

Then using the law of behavior,

a13 = a31 = G3373i and a12 = o2\ =

We obtain

G22<p,22 + £33^33 = 0 Ott 5

On the boundary of S, stress is equal to zero.

We obtain

G22(<p,2 ~

Results are written intrinsically

= 0

onS

on dS

on

with [G] = diag [G22, GH, G33] in the axis of orthotropy.
If T designates the shearing stress acting on S,

with r-n =0 on dS.
There is no normal stress on S, and the resultant force on S

is equal to zero as can be demonstrated in the isotropic case.
Torque is obtained by

M=

Indeed

so

with

Finally, we can put

= *r T.-G-^T-C^-V d5

as

dS

or also using Green-Riemann's theorem after some calcula-
tions,

(G/}=

or

(GJ}=

Case of a Circular Shaft with Radius R
This problem was resolved using polar coordinates:

If matrix of elasticity in the axis of
orthotropy is D.

In the axis e\, E2, and E3, we have classically

D* = TDTT

with

"l 0 0 I 0 0 0
0 C2 S2 1 0 2CS 0
0 S2 C2 1 0 -2CS 0

0 0 0 I C 0 5
0 -SC S C 1 0 1 0
0 0 0 I - S 0 C

(C = cos 0, S = sin 0)

The right corner of D* gives the new matrix G*(0).

G22C2 + G33S2 | 0 | (G33-G22)CS

0 | Gn | 0

(/~~t s-~i \/^>ct I A I /~* C2 i f^ /̂ "2(Cr33 - Cj22)C^ U I Cr220 + CrjjC

The problem to be handled becomes as follows: Find <p(r,0)
with a period I-K so that

,w - 2^>,r] cos 26

M=(GJ} ae^

(G22 + G33)/2 [(r <p,r)r

G33)/2{ [(r^,r),r -

sm2B} =0
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on S, and

(G22

-[R

+ (G22 -

,*] lr = * sin 20) = 0

cos 20

on dS.
The solution sought is of the form

with \ls(0),eo = - 4\l/(6), and after some trials, we adopt

lM0)= sin 28

and </>(r) as to verify

(r0,r),r - 40/r = 0

(r<M,r + 8<£/r = - 6</>,r = 0

so 0 = Cr2.
C is calculated using the boundary condition on dS:

C = (G22 - G33)/2(G22 + G33)

Finally,

9 = [(G22 ~ G33)/2(G22 + G33)]r2sin 26

and after some easy calculations,

(GJ)=SR2 1
(1/^22) + (1/G33)

= /02[G22G33/(G22

Conclusion
We found a free warping function of a beam of circular

section acted upon by a torque in the direction of one of the
axes of orthotropy. It occurs two shearing modulus. The result
is just as it is an interesting one but may also be used for the
experimental determination of shearing modulus making three
tests of torsion in the three directions of orthotropy.

So, calling X, Y, Z the three unknown modulus and A, B,
C (0/2o/o) the three experimental results, it would be necessary
to solve the nonlinear system

XY/(X +Y) = A, YZ/(Y + Z) = B

ZX/(Z + X) = C

or with the solution if

X = 2ABC/[B (A+C)- AC]

and Y and Z by cyclic permutation. Then, X, Y, Z could be
obtained.

The result may also be used for testing results of the finite
element program on warping functions.
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Introduction

T HE purpose of this study is to present the optimal con-
figuration of lattice space structures taking into account

statistical sensitivity to shape distortions of the structures due
to random member length errors. To design lattice space an-
tennas, the length of the radio wave used for communication
requires an extremely high surface accuracy. For accurate
lattice structures, a new design concept is necessary to reduce
structural errors. Sensitivity analyses on structural distortions
provide significant information for designing tolerance errors
of the structural elements and predicting the feasibility of
fabricating accurate structures.

One must inevitably take into account the effects of random
member length errors on the structural distortions for space
structures consisting of a large number of members. Some
studies based on approximate continuum analysis of the struc-
tures1 and multiple deterministic structural analysis of the
truss (the Monte Carlo method) using the finite element analy-
sis2 have been attempted to estimate the structural errors.
Furthermore, for actively controllable structures on their de-
formation, the optimal locations of actuators have been stud-
ies to correct the shape distortions.3

Statistical Sensitivity Analysis
In the present analysis it is assumed that structural errors

can be regarded as stochastic ones and that the errors can be
represented by member length tolerances. Formulations for
statistical analysis on the accuracy from Ref. 4 are used
herein. The formulas have been derived for expected value and
variance of the structural error based on the assumption of
zero-mean errors.

Structural Deviations
A mathematical model of a three-dimensional lattice struc-

ture is defined as an assembly of straight members jointed at
various nodal points. Thus, by assuming small deformation,
the relationship between the member deformation vector and
the corresponding nodal displacement vector can be written by
the following in the matrix form:

dl = Adx (1)

The equations of equilibrium can be derived from the varia-
tional principle by assuming small deformation. Thus, the
equations of equilibrium at the node can be derived as follows:

where

K =

ATKAdx = ATKds

(/ = 1, 2, m)

(2)

(3)

When the lattice structure is in free boundary conditions,
the rank of the matrix (A TKA) is not full because the lattice
structure with free boundary has rigid mode nodal displace-
ment. Therefore, by suppressing the rigid mode deformation,
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